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a b s t r a c t

Porous samples of samaria (Sm2O3)-doped ceria (CeO2) (SDC) were fabricated using two methods: (1)
conventional sintering of powder compacts; and (2) fabrication of sintered NiO + SDC two-phase samples,
reduction of NiO to Ni, and acid leaching of Ni. Electrical conductivities of as-fabricated bar samples were
measured using a four-probe DC technique. The conductivity of samples made by acid leaching of Ni was
up to two orders of magnitude higher than that of conventionally fabricated samples of the same porosity.
eywords:
eria
orous materials
pace charge
onductivity

This difference was attributed to differences in relative inter-particle neck sizes. A simple analytical
model was developed to describe conductivity of porous bodies in terms of inter-particle neck sizes. The
total electrical conductivity of samples fabricated by the leaching process was measured as a function
of oxygen pressure and temperature. The effect of space charge was included in the model describing
electrical conduction through porous bodies. The adverse effects of space charge on conductivity are

us ce
OFC
lectrodes

more pronounced in poro

. Introduction

Porous ionic and mixed ionic/electronic conductors are of inter-
st for applications such as electrode materials in solid oxide fuel
ells [1], gas separation membranes, electrolyzers, and ceramic gas
ensors [2,3]. The effective electrical conductivity of porous ceram-
cs is a function of porosity [4,5], grain size, inter-particle neck size,
tc. Much of the literature, however, is on conductivity of dense
olycrystalline materials. For dense polycrystalline materials, the
maller the grain size, generally the higher is the resistivity (the
ower is the conductivity). In many materials, the grain bound-
ry resistivity is several orders of magnitude higher than that of
ulk, especially at low temperatures [6–10]. The resistivity of grain
oundaries has often been attributed to an intergranular siliceous
hase [11,12]. However, even for materials of high purity, the spe-
ific grain boundary conductivity measured at low temperatures
s still several orders of magnitude lower (specific grain bound-
ry resistivity several orders of magnitude higher) than that of the
ulk [13]. This low conductivity of grain boundaries thus cannot be
ttributed to an intergranular phase. Part of this resistance, how-
ver, may be attributable to space charge effects, which tend to
ower the charge carrier concentrations near grain boundaries in

ome materials. Frenkel [14] was the first to propose the existence
f space charge. Its mathematical analysis and implications con-
erning conductivity in alkali halides were presented by Lehovec
15]. Detailed thermodynamic analysis using energy minimization
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ria as compared to dense ceria.
© 2010 Elsevier B.V. All rights reserved.

was presented by Kliewer and Koehler [16]. Subsequently, many
researchers have analyzed the existence of space charge in other
ionic compounds, although the basic formalism is essentially the
same as given by Lehovec [15] and Kliewer and Koehler [16].

Recent work by Guo [17,18] has shown that in yttria-stabilized
zirconia (YSZ) at low temperatures, the high grain boundary resis-
tivity may be attributed to a space charge region, which results from
the depletion of oxygen vacancies near grain boundaries. Some
researchers have also reported on the effect of space charge on con-
duction mechanism in polycrystalline cerium oxide. Kim and Maier
[19], for example, have investigated the conductivity of nanocrys-
talline ceria and concluded that the space charge effect leads to a
high grain boundary resistivity. Tschöpe [20,21] investigated elec-
trical transport properties of nanocrystalline and microcrystalline
ceria as a function of temperature and oxygen partial pressure. It
was concluded that the electronic conductivity of nanocrystalline
ceria increases with decreasing grain size. Earlier work by Guo et
al. also investigated grain boundaries in yttria-doped and undoped
ceria [22]. The authors concluded that the blocking effect of grain
boundaries in high purity ceria may be attributed to the existence
of a positive space charge potential caused by the depletion of
oxygen vacancies, similar to that in zirconia. Tschöpe et al. [23]
calculated the electrical conductivity of mesoscopic cubic cerium
oxide crystals with space charge layers as a function of grain size.
They found that the electronic conductivity decreases with increas-

ing grain size, and the ionic conductivity increases with increasing
grain size. Lubomirsky et al. [24] modeled the distribution of mobile
charge carriers in the space charge region of grain boundaries. They
found that the depletion effects are more pronounced at edges and
corners due to geometry.

http://www.sciencedirect.com/science/journal/03787753
http://www.elsevier.com/locate/jpowsour
mailto:anil.virkar@m.cc.utah.edu
dx.doi.org/10.1016/j.jpowsour.2010.04.079
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Nomenclature

[A′]b Acceptor concentration in the bulk
d Grain size
e Electronic charge
pO2 Oxygen partial pressure
R Particle radius
r0 Neck radius
RI Resistance of region I
RII Resistance of region II
RIII Resistance of region III
Reff Effective resistance
T Absolute temperature
kB Boltzmann’s constant
n Electron concentration
Nj(x) Concentration of species j at distance x from the

grain boundary core
[V

••
O ] Oxygen vacancy concentration

Vv Volume fraction porosity
zi Valence of i

Greek letters
˛ = r0/R relative neck size
ε0 Permittivity of free space
εr Dielectric constant
� Debye length
�* Space charge layer width
� Half the angle of the cone with 2r0 as the base and

apex at the center of the particle
ıgb Grain boundary core width
�e Electron field mobility
�V

••
O

Oxygen vacancy field mobility

� Resistivity
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A porous body is modeled as a one-dimensional array of cut
spheres with contact area corresponding to the neck size. Fig. 1(a)
shows two idealized truncated spherical grains with a grain bound-
�eff Effective resistivity
�H◦ Enthalpy
��(x) Electrostatic potential difference

The studies on space charge in ionic crystals reported to date
ave been on dense materials. In the space charge model, a grain
oundary consists of a grain boundary core (crystallographic mis-
atch region) and two adjacent space charge layers as described

y Maier [25]. Typical electrodes in electrochemical devices such
s fuel cells and oxygen separation membranes are porous materi-
ls. In such cases, both ion transport and electron/hole transport
hrough the solid regions of porous electrodes can have a pro-
ound effect on the overall performance of membranes. Thus, ionic
nd electronic conduction through porous materials is of particular
nterest in such devices. The effects of grain boundaries and space
harge are expected to be important with the additional effects
elated to porosity and morphology. The present work is on the
nvestigation of conductivity of porous bodies. In porous materials,
n addition to volume fraction porosity and particle size, an impor-
ant factor concerns the morphology – which mainly includes the
ature of inter-particle contacts.

Yttria-doped zirconia (YSZ) and rare earth oxide doped cerium
xide are two of the most widely used electrolyte materials for
olid state electrochemical devices, for example, solid oxide fuel
ells, oxygen separation membranes, steam electrolyzers and sen-
ors. YSZ is an essentially pure ionic conductor over a wide range of

emperatures and oxygen partial pressures (pO2 ). However, doped
eria is an electron and an oxygen ion mixed conductor. At high
emperatures and at low pO2 , it exhibits predominantly n-type con-
uctivity. At high pO2 and low temperatures, it is a predominantly
n oxygen ion conductor.
Sources 195 (2010) 6268–6279 6269

In this manuscript, a simple analytical model to describe the role
of connectivity on electrical conductivity of porous bodies, includ-
ing the effects of grain boundaries and space charge, is presented.
The model developed accounts for transport through three regions:
the bulk of the grain, the space charge region, and the structural part
of the grain boundary. Doped ceria is chosen as a model material.
The model also incorporates the effect of pO2 on carrier concentra-
tions in the space charge layer and in the bulk, and their effects
on the resistivity of the space charge layer and the bulk. The effec-
tive resistivity of porous doped ceria was calculated as a function
of grain size and neck size for a given pO2 and temperature.

Porous bar-shaped samples of samaria doped ceria (SDC) with
10 mol.% Sm2O3 were fabricated using two methods: (1) a con-
ventional method comprising sintering of SDC powder compacts
and (2) sintering a two-phase mixture of SDC + NiO to near full
density, reduction of NiO to Ni in flowing hydrogen at elevated
temperatures, and acid leaching of Ni at room temperature to form
porous SDC. The former approach led to the formation of porous
SDC with narrow inter-particle necks. The latter approach led to
the formation of porous SDC with wide inter-particle necks. Elec-
trical conductivity of porous SDC bars was measured in air using a
four-probe DC technique. The electrical conductivity of some of the
porous SDC samples fabricated using the leaching process was also
measured as a function of temperature and oxygen partial pressure.

2. Model

2.1. Effective resistivity of a porous body: no space charge effects
included
Fig. 1. (a) A schematic representation of two contacting grains, with a grain bound-
ary in between. (b) A schematic representation of a half of the grain with half of the
grain boundary associated with it. This is the geometry used in the calculations. (c)
Geometry of the particle used for calculations with space charge effect included.
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ry in between. Fig. 1(b) shows half of a grain of radius R and neck
adius r0 with half of the grain boundary associated with it. This
eometry was used in the calculations. The effective resistivity (see
ppendix A) as a function of the relative neck size ˛ = r0/R and grain
adius, R, is approximately given by

eff ≈ 2�g

	
√

1 − ˛2
ln

[
1 +
√

1 − ˛2

1 −
√

1 − ˛2

]
+ 2�gbıgb

	R˛2
√

1 − ˛2
(1)

here R is the radius of the particle, which is assumed to be a grain;
0 radius of the inter-particle neck; ˛ = r0/R relative neck size; �g

rain resistivity without the space charge effect (
 cm); �gbıgb is
he grain boundary area specific resistance (
 cm2). This only refers
o the structural part of a grain boundary.

Eq. (1) is approximate and is deemed valid only for values of ˛
ot too large; valid for ˛ < 0.5.

.2. Effective resistivity of a porous body: space charge effects
ncluded

The geometry of the particle used for calculations is shown in
ig. 1(c). It consists of half of the grain with half of the grain bound-
ry associated with it and includes the space charge layer. The net
esistance is divided into three regions: (1) Region I corresponds
o the net resistance for the range between x = x0 + �* and x = R.
he corresponding resistance is RI. (2) Region II corresponds to the
et resistance for the range x = x0 and x = x0 + �*. The corresponding
esistance is RII. (3) Region III corresponds to the transport across
he grain boundary core. The effective resistance, which includes
he effects of space charge, grain boundary and the neck morphol-
gy, is given by (see Appendix B):

eff = RI + RII + RIII (2)

here

I =
∫ 	

2

cos−1
(

R−xo−�∗
R

) �g�sc R sin3 � d�

[	(2R�∗ sin2 �− �∗2)�g + 	(R sin2 �− �∗)2�sc]

(3)

II =
∫ cos−1

(
R−x0−�∗

R

)
cos−1

(
R−x0

R

) �scd�

	R sin �
(4)

nd

III = Rgb = �gbıgb

2	r2
0

= �gbıgb

2	(R sin �)2
(5)

here � is the angle describing the neck region given by half the
ngle of the cone formed by the neck with the apex at the center of
he grain.

= cos−1

(√
(R2 − r2

0 )

R

)
= sin−1

(
r0

R

)
= sin−1 ˛ (6)

here �* is the width of the space charge region. For simplicity, it is
ssumed that in this region, the conductivity is uniform. �sc is the
esistivity in the space charge region (
 cm). This may be higher or
ower than the grain resistivity. �gbıgb is the grain boundary area
pecific resistance (
 cm2) as before. This is only the part associated
ith the structural disorder of a grain boundary.

The typical particle size, R, is in the micron range, the grain

oundary thickness is in the fractions of a nanometer range, and the
pace charge width, �* is estimated to be in fractions of a nanometer
o even tens of nanometers, depending upon dopant concentration
nd temperature. Thus, we expect that R > �* ≥ ıgb and typically
� �* ≥ ıgb.
Sources 195 (2010) 6268–6279

Reff: The net resistance of half of a grain with half of a grain
boundary associated with it.

Based on the assumption that the grains (or particles) are
arranged on a square lattice, the effective resistivity of such a mate-
rial can be computed by the following equation:

�eff ≈ 4ReffR
2

R − x0
= 4ReffR

cos �
(7)

In this calculation the effect of curvature was neglected and the
equi-potential lines were assumed to be straight, parallel to the
grain boundary.

2.3. Approximate estimate of porosity

For the idealized model used here, the fractional porosity is
given by

Vv ≈ cos2 �

3
(8)

For � = 0◦, the porosity is 0.333 or 33.3%; for � = 20◦, the porosity is
0.294 or 29.4%; and for � = 30◦, the porosity is 0.25 or 25%. Thus, over
a wide range of neck sizes, the porosity is approximately constant
(at ∼25–30%). For the highest value of � = 45◦ used in the calcula-
tions, the porosity is ∼17%. Thus, for much of the range of neck sizes
investigated, the porosity is nearly constant, except for the highest
values of � used in the model.

2.4. Resistivity in the bulk and in the space charge layer in doped
ceria

All defects are assumed to be in thermodynamic equilibrium.
Doped ceria is chosen here as a model material. Doped ceria
is known [26–29] to be a mixed conductor of oxygen ions and
electrons, depending upon the oxygen partial pressure and tem-
perature. Acceptor doping creates oxygen vacancies by a defect
reaction of the type:

A2O3 → 2A′ + V ··
O + 3O×

O (9)

At elevated temperatures and low oxygen partial pressures,
electrons and oxygen vacancies can be generated by a reaction of
the type:

O×
O → 2e′ + V

••
O + 1

2 O2 (10)

The corresponding law of mass action can be expressed as

n2[V
••
O ] = k exp

[
−�H

◦

kBT

]
p−1/2

O2
(11)

where n is the electron concentration, [V
••
O ] is the oxygen vacancy

concentration, k is a constant, �H◦ is the enthalpy of reaction (10),
kB the Boltzmann constant, and pO2 is the oxygen partial pressure
in the atmosphere.

According to the condition of electroneutrality, the concentra-
tions of V

••
O in the bulk can be expressed as

[V
••
O ]b = [A′]b + n

2
(12)

The dopant concentration in the bulk [A′]b, the pO2 and the temper-
ature T are given by the experimental conditions. For cerium oxide,
k = 1.2 × 1074 and �H◦ = 4.67 eV [30]. From Eqs. (11) and (12) the
defect concentrations (oxygen vacancies and electrons) in the bulk
can be calculated as a function of temperature and oxygen partial

pressure.

The total electrical conductivity for doped ceria is a sum of the
ionic conductivity and the electronic conductivity, given by

� = 2e[V
••
O ]�V

••
O

+ en�e (13)
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here the electrical field mobilities of oxygen vacancies and elec-
rons are respectively �V

••
O

and �e in cm2 V−1 s−1. Then the total

onductivity in the bulk can be expressed as

b = �i(bulk) + �e(bulk) = 2e[V
••
O ]b�V

••
O

+ enb�e (14)

here [V
••
O ]b and nb are concentrations in the bulk. Then the total

esistivity in the bulk can be written as

b = 1
�b

= 1
2e[V

••
O ]b�V

••
O

+ enb�e
(15)

or ceria, the electron mobility as a function of temperature is given
y [30]:

e(T) = 3.9 × 102

T
exp

[
−4.63 × 103

T

]
(16)

nd the mobility of oxygen vacancies as a function of temperature
s given by [31]:

V
••
O

(T) = 2.92 × 102

T
exp

[
−7.84 × 103

T

]
(17)

t equilibrium, the electrochemical potentials of mobile species are
patially invariant. Thus, the concentration Nj(x) of any defect j with
harge zje in the space charge layer in the dilute solution limit is
iven as [15,16]:

Nj(x)
Nj(bulk)

= exp

[
− zje��(x)

kBT

]
(18)

here x is the distance from the interface between the grain bound-
ry core and the space charge layer; ��(x) is the electrostatic
otential referenced to the bulk, i.e., the so-called space charge
otential. By solving Poisson’s equation, the ��(x) is related to the
opant concentration and the space charge layer thickness by (for
< �*) [32]:

�(x) ≈ e[A′]b

ε0εr
(x − �∗)2 (19)

here [A′]b is the dopant concentration in the bulk in #cm−3, ε0 is
he permittivity of free space, εr is the dielectric constant, and �*
s the space charge layer thickness. The Debye length, �, and the
pace charge layer width, �*, are given by [32]:

=
√

kBTε0εr

4e2[A′]b
(20a)

nd

∗ = �

√
4e

kBT
��(0) (20b)

here ��(0) is the space charge potential at the grain boundary.
or ceria the dielectric constant is given by εr = 26 [33]. The electron
nd oxygen vacancy concentrations in the space charge layer can
e expressed respectively as

(x) = nb exp
[

e��(x)
kBT

]
(21)

nd

V
••
O ](x) = [V

••
O ]b exp

[
−2e��(x)

kBT

]
(22)
hen the specific conductivity in the space charge layer at a distance
f x from the grain boundary core is given by

sc(x) = 2e[V
••
O ](x)�V

••
O

+ en(x)�e (23)
Sources 195 (2010) 6268–6279 6271

The average electronic conductivity in the space charge layer can
be given as

�e(sc) = 1
1

�∗
∫ �∗

0
1

�e(x) dx
(24)

Inserting Eqs. (19)–(21) into Eq. (24) and rearranging

�e(sc) = e�enb�∗∫ �∗
0

exp
[
− e2[A′]b

εoεr kBT (x − �∗)2
]

dx

= �e(bulk)
�∗∫ �∗

0
exp
[
− e2[A′]b

εoεr kBT (x − �∗)2
]

dx
(25)

Similarly, the average ionic conductivity in the space charge
layer can be given as

�i(sc) = 1
1

�∗
∫ �∗

0
1

�i(x) dx
(26)

Inserting Eqs. (19), (20) and (22) into Eq. (26) and rearranging

�i(sc) =
2e�V

••
O

[V
••
O ]b�∗

∫ �∗
0

exp
[

zie
2[A′]b

ε0εr kBT (x − �∗)2
]

dx

= �i(bulk)
�∗∫ �∗

0
exp
[

zie
2[A′]b

ε0εr kBT (x − �∗)2
]

dx
(27)

Thus, the average resistivity in the space charge region including
oxygen ions and electrons can be given by

�sc = 1
�sc

= 1
�e(sc) + �i(sc)

(28)

3. Experimental

3.1. Fabrication and conductivity measurement of porous
samaria doped ceria (SDC) samples with widely varying
morphologies (neck sizes)

Two different methods were used to make samples of vari-
ous porosities. The main objective was to fabricate samples with
various neck sizes; from narrow necks to wide necks. In the
first method, powder compacts were formed by die-pressing SDC
powder containing 10 mol.% Sm2O3–90 mol.% CeO2 followed by
iso-static pressing. The samples were sintered in air over a range of
temperatures between ∼1200 ◦C and ∼1600 ◦C to achieve varying
porosity levels. Depending upon the degree of sintering achieved,
this method is also expected to yield samples with varying particle
(grain) and neck sizes.

The process used for making the second group of samples was
as follows: powder mixtures of commercial NiO and in-house
combustion-synthesized SDC in various NiO:SDC weight ratios cor-
responding to 20:80, 30:70 and 40:60 were wet-milled, dried, and
then screened. Bar-shaped powder compacts were formed by die-
pressing followed by iso-static pressing. The samples were sintered
in air at 1600 ◦C for 2 h. The sintered samples were then reduced
in a flowing 10% hydrogen + nitrogen gas mixture for 2 h at 800 ◦C,
followed by a treatment in 100% hydrogen, also at 800 ◦C for 2 h.
This led to the reduction of NiO to Ni. Finally the reduced bar sam-
ples were leached in a dilute nitric acid solution for 3 h at room

temperature. This led to the removal of Ni as Ni(NO3)2, and cre-
ated additional porosity. The resulting samples were single-phase,
porous SDC. NiO and SDC have negligible solubility in each other.
Thus, the resulting SDC samples have negligible NiO dissolved in
the lattice of SDC.
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resistivities are �g(600 ◦C)/�sc(600 ◦C) = 52/1.06 × 104 = 0.0491 and
�g(800 ◦C)/�sc(800 ◦C) = 12/2.41 × 103 = 0.0498. That is the ratio of
the grain resistivity to the space charge layer resistivity is virtually
the same at 600 ◦C and 800 ◦C. As a result, the shapes of the �eff vs.
272 F. Zhao, A.V. Virkar / Journal of P

The total conductivity of the two groups of samples with differ-
nt porosity levels was measured in air over a range of temperatures
y a four-probe DC method. Prior to the measurement of conductiv-

ty, all samples were thermally treated in air at 1200 ◦C for 4 h. The
bjective was to ensure that the same grain boundary structure
nd characteristics (such as dopant segregation) would be estab-
ished at the grain boundaries in all samples, regardless of porosity,
article size and the initial sintering conditions. After testing, frac-
ured pieces of each sample were impregnated with an epoxy. Upon
uring and hardening the epoxy, the samples were mounted in a
lastic mount, and subsequently polished to a 1 �m finish. The sam-
les were then examined under a scanning electron microscope
SEM). The microstructures of porous samples were characterized
y quantitative stereology to estimate the porosity.

.2. Conductivity measurement of porous SDC samples as a
unction of oxygen partial pressure and temperature

The total conductivity of porous SDC samples fabricated using
he leaching process was measured as a function of oxygen partial
ressure, pO2 , and temperature using a four-probe DC technique.
he pO2 was varied between ∼10−15 atm and 1 atm. For obtaining
O2 higher than 10−5 atm, O2–N2 gas mixtures were used. Lower
xygen partial pressures were achieved using H2/H2O gas mixtures.
he pO2 was monitored using a zirconia potentiometric oxygen
ensor. After the measurement at 600 ◦C, the sample was heated
o higher temperatures for making further conductivity measure-

ents.

. Results and discussion

.1. Effect of neck size on the effective resistivity of a porous
onductor (no space charge effects included)

Eq. (1) shows that the effective resistivity of a porous conductor
epends on the grain resistivity, �g, the grain boundary resistivity
arameter, namely �gbıgb, and the relative neck size ˛, given by
= r0/R. Of particular interest is to determine the relative contribu-

ions of the two terms in Eq. (1) as a function of ˛ for small values
f ˛. It is readily shown that as ˛ → 0, Eq. (1) can be approximately
iven by

eff ≈ 4
	

�g ln
(

2
˛

)
+ 2�gbıgb

	R˛2
(29)

s seen from Eq. (29), as ˛ → 0, both terms become infinite. One can
se l‘Hospital’s rule to show that the second term goes to infinity
aster than the first term. The ratio of the derivative of the second
erm to the derivative of the first term varies as 1/˛2. This result has
ignificant implications concerning the resistivity of porous bodies,
specially the role of grain boundaries. Eq. (29) shows that a poorly
intered porous conductor (with narrow necks) will exhibit high
ffective resistivity with a relatively larger contribution from grain
oundary resistance than a fully dense material. Thus, the effect of
rain boundaries on �eff is disproportionately high in porous bodies
ue mainly to small neck sizes. This is true no matter what the
rain boundary resistivity is – as long it is nonzero. That is, even
n materials with low grain boundary resistivity, the effect of grain
oundaries is more pronounced in porous materials as compared
o dense materials. This effect is related to the constriction.
.2. Effect of morphology and space charge on the effective
esistivity of porous doped ceria

For T = 600 ◦C (873 K), pO2 = 0.21 atm, doping level = 10% (cor-
esponding [A′]b = 2.686 × 1021 cm−3,

[
V

••
O

]
b

= 1.34 × 1021 cm−3,
Sources 195 (2010) 6268–6279

and nb = 1.86 × 1014 cm−3 where nb was estimated from Eq. (11)),
space charge potential ��(0) = 0.4 V [22], and using Eqs. (20a) and
(20b) the Debye length and the space charge layer thickness are
estimated to be 0.1 nm and 0.4 nm, respectively. Note that because
of the high dopant concentration, the Debye and space charge
lengths are only a fraction of a nanometer. Using Eqs. (25) and (27),
the average electronic and ionic conductivities in the space aver-
age layer in terms of the corresponding bulk values at 600 ◦C are
estimated as

�e(sc) ≈ 2.5�e(bulk) (30)

and

�i(sc) ≈ 0.005�i(bulk) (31)

The above shows that the ionic conductivity in the space charge
layer is considerably lower compared to the value in the bulk. The
resistivity in the space charge layer is thus estimated as

�sc = 1
�i(sc) + �e(sc)

= 1
0.005�i(bulk) + 2.5�e(bulk)

(32)

The total conductivity in the bulk, consisting of ionic conduc-
tivity in the bulk, �i(bulk) and the electronic conductivity in the
bulk, �e(bulk), can be calculated using Eq. (14). Similarly, the aver-
age resistivity in the space charge layer can be calculated using Eq.
(32).

A similar approach is used to estimate the average resistivity (or
conductivity) in the bulk and in the space charge layer as a function
of temperature and oxygen partial pressure. Using the calculated
bulk conductivity and the average space charge conductivity as a
function of temperature and oxygen partial pressure, and using
Eqs. (3), (4), (5) and (7), the effective resistivity (or conductivity)
of porous ceria was estimated.

Fig. 2 shows the calculated effective resistivity of half of a
grain with half of a grain boundary (representing porous doped
ceria) as a function of grain size and neck size at 600 ◦C and
pO2 = 0.21 atm using the following parameters: �g = 52 
 cm (Eq.
(14)), �sc = 1.06 × 104 
 cm (Eq. (28)), �gb = 150 
 cm, �* = 0.4 nm,
and ıgb = 0.4 nm [33]. Note that the effective resistivity rapidly rises
for small grains and narrow necks. The effective resistivities of
porous samples with 0.5 �m grain size in the case of � = 5◦ (nar-
row neck size) and � = 45◦ (wide neck size) are 3.25 × 103 
 cm and
1.77 × 102 
 cm, respectively. The effective resistivities of porous
samples with a 5 �m grain size in the case of � = 5◦ and 45◦ are
6.46 × 102 
 cm and 1.09 × 102 
 cm, respectively. It is seen that
the effective resistivity for a sample of 0.5 �m grain size is over 18
times greater for the case of � = 5◦ as compared to that for � = 45◦.
Also the effective resistivity for a sample of 5 �m grain size is over
6 times greater for the case of � = 5◦ as compared to that for � = 45◦

angle. The rapid rise in the net resistance at small angles (narrow
neck sizes) underscores the importance of good particle to particle
contact in porous bodies.

The corresponding parameters at 800 ◦C and pO2 = 0.21
are: �g = 12 
 cm (Eq. (14)), �sc = 2.41 × 103 
 cm (Eq. (28)),
� = 10 
 cm, �* = 0.4 nm, and ı = 0.4 nm. The ratios of the
1 As the grain boundary core has a disordered structure, it is usually assumed that
the activation enthalpy and entropy of migration should be much lower in the grain
boundary core than those of bulk and space charge layers [17]. Thus, the resistivity
in the grain boundary core should be lower than that of bulk and space charge layer.
In the present analysis, a value of lower resistivity was assumed and used for the
calculation of effective resistivity.
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ig. 2. Effective resistivity (linear scale) of a porous body calculated using half a gra
00 ◦C, pO2 = 0.21 atm.

and grain size d = 2R plots are nearly similar at 600 ◦C and 800 ◦C
xcept for the absolute values. Thus, only one at 600 ◦C is shown
ere.

.3. Conductivity and porosity of porous SDC samples

Table 1 shows porosity as a function of sintering conditions for
orous samples fabricated using the conventional method and the
easured four-probe DC conductivity in air as a function of temper-

ture. Table 2 shows porosity as a function of sintering conditions
or porous samples made using Ni-SDC cermets wherein the poros-
ty was created by leaching away Ni, and the measured four-probe
C conductivity in air as a function of temperature. Sintering of

◦
DC powder compacts at 1600 C resulted in dense samples with
4.2% porosity, all of which was closed porosity. The grain size of

he dense sample was ∼7 �m. The corresponding scanning electron
icrograph (SEM) is shown in Fig. 3. SDC powder compacts sintered

t 1400 ◦C and 1200 ◦C exhibited porosity levels of 33.5% and 51.2%,

able 1
orosity and conductivity as functions of sintering conditions. Samples fabricated
y the conventional method.

SDC (Ce/Sm = 90/20) Sintered at
1600 ◦C/4 h

Sintered at
1400 ◦C/4 h

Sintered at
1200 ◦C/4 h

Porosity 4.2% 33.5% 51.2%

Conductivity (S cm−1)
650 ◦C 0.027 0.012 5.18 × 10−5

700 ◦C 0.037 0.017 1.19 × 10−4

750 ◦C 0.056 0.025 2.52 × 10−4

800 ◦C 0.071 0.032 4.31 × 10−4

able 2
orosity and conductivity as functions of sintering conditions. Samples fabricated
y the reducing-leaching method.

SDC (Ce/Sm = 90/20) Sintered at
1600 ◦C/2 h

Sintered at
1600 ◦C/2 h

Sintered at
1600 ◦C/2 h

Porosity 31.2% 39.7% 54.8%

Conductivity (S cm−1)
650 ◦C 0.016 0.015 0.010
700 ◦C 0.025 0.024 0.016
750 ◦C 0.036 0.035 0.023
800 ◦C 0.051 0.049 0.033
th half a grain boundary) as a function of angle (relative neck size) and grain size at

respectively. A large fraction of the porosity in these samples was
open. Also, as seen in the corresponding SEMs in Figs. 4 and 5, the
inter-particle (inter-grain) necks are small and the grain size is also
much smaller than in the dense sample.

In the second group of samples using sintered NiO + SDC
compacts, NiO and SDC grains grow simultaneously and form
space-filling regular polyhedra (tetrakaidecahedra) which form
contiguous and interpenetrating skeletons. Samples greater than
95% theoretical density were made. The NiO and SDC skeletons in
the composite form two contiguous phases with large neck sizes
(which are essentially SDC-to-SDC, SDC-to-NiO and NiO-to-NiO
inter-grain facets). After reducing NiO to Ni and leaching it away,
samples with the preferred microstructures of high porosity and
large neck sizes were obtained. Figs. 6–8 are SEM micrographs of
samples with porosity ranging between 31.2% and 54.8%. These
SEM micrographs show good inter-grain connectivity compared to
those sintered using the conventional method given in Figs. 4 and 5.
The results of conductivity measurements listed in
Tables 1 and 2 show that the effect of microstructure on the
effective conductivity is rather large. Fig. 9 shows plots of the
normalized conductivity as a function of porosity for the two sets
of samples. The normalized conductivity is defined here as the

Fig. 3. An SEM micrograph of a Sm2O3-doped ceria (SDC) sample (porosity = 4.2%)
sintered at 1600 ◦C/4 h. Note the relatively coarse grain size. Conductivity data are
given in Table 1.
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Fig. 4. An SEM micrograph of a Sm2O3-doped ceria (SDC) sample (porosity = 33.5%)
sintered at 1400 ◦C/4 h (conventional method). Conductivity data are given in
Table 1.
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ig. 5. An SEM micrograph of a Sm2O3-doped ceria (SDC) sample (porosity = 51.2%)
intered at 1200 ◦C/4 h (conventional method). Conductivity data are given in
able 1.
atio of the actual conductivity of a porous SDC sample to that
f the conductivity of the dense sample. The conductivity of the
ense sample was 0.071 S cm−1 at 800 ◦C, which is approximately
wice that of the sample with 33.5% porosity made by the con-

ig. 6. An SEM micrograph of a Sm2O3-doped ceria (SDC) sample (porosity = 31.2%)
intered at 1600 ◦C/2 h (method comprising the fabrication of SDC + NiO composite,
eduction of NiO to Ni, and its removal by leaching). Conductivity data are given in
able 2.
Fig. 7. An SEM micrograph of a Sm2O3-doped ceria sample (porosity = 39.7%) sin-
tered at 1600 ◦C/2 h (method comprising the fabrication of SDC + NiO composite,
reduction of NiO to Ni, and its removal by leaching). Conductivity data are given in
Table 2.

ventional process (Fig. 4). The conductivity of the sample with
51.2% porosity made by the conventional process (Fig. 5), however,
is only about 4.31 × 10−4 S cm−1 at 800 ◦C. Conductivity of this
sample is much lower than can be rationalized on the basis of a
simple phenomenological equation, namely

�porous ≈ �dense(1 − Vv) (33)

It is readily seen that Eq. (33) is not applicable to the sample with
51.2% porosity made by conventional sintering. Note that inter-
particle necks are well developed in the sample with 33.5% porosity
(Fig. 4) as compared to the sample with 51.2% porosity (Fig. 5). Also,
the particle size is much smaller in the more porous sample.

Porous samples fabricated by leaching Ni + SDC cermets with
porosity ranging between 31.2% and 54.8% exhibited conductivity
values ranging between 0.05 and 0.0328 S cm−1; that is the sam-
ple with 54.8% porosity exhibited a conductivity of ∼0.0328 S cm−1

and the sample with 31.2% porosity exhibited a conductivity of
0.05 S cm−1. Using Eq. (33), the estimated conductivities of the

samples with 31.2% and 54.8% porosity are respectively 0.048 and
0.032 S cm−1. These values are very close to the measured values
on this second group of porous samples indicating the applicability
of Eq. (33) to these samples.

Fig. 8. An SEM micrograph of a Sm2O3-doped ceria sample (porosity = 54.8%) sin-
tered at 1600 ◦C/2 h (method comprising the fabrication of SDC + NiO composite,
reduction of NiO to Ni, and its removal by leaching). Conductivity data are given in
Table 2.
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Fig. 9. Relative conductivity vs. relative density. The relative conductivity is defined
as the ratio of the conductivity of a sample with a given porosity to that of the
fully sintered (negligible porosity) sample. Similarly, the relative density is the ratio
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is higher than oxygen ion conductivity in the space charge layer,
very fine-grained materials will exhibit predominantly electronic
conduction.
f density of a sample with a given porosity to that of a fully dense sample. The
rrow shows the normalized conductivity of the conventionally sintered sample
ith 51.2% porosity having narrow necks. Its value is ∼0.01 and thus appears to be

lose to the x-axis.

Fig. 8 shows an SEM micrograph of the sample with 54.8%
orosity made by leaching Ni out Ni + SDC cermets. Note that inter-
article necks are well developed and the neck size is broad despite
igh porosity. The conductivity value of this sample is almost two
rders of magnitude higher than the sample with about the same
orosity (Fig. 5) but fabricated using the conventional method
Tables 1 and 2, and Fig. 9). This result shows that conductivity
epends not only on porosity, but also on other microstructural
arameters, such as grain size and neck size. Usually only when
he grain size is small (on the order of a micron or lower), the
rain boundary effects dominate the conductivity of polycrystalline
onic conductors. For samples with grain size on the order of sev-
ral microns, the grain boundary effect may be measurable, but not
ominant at high temperatures. Especially in doped ceria, it has
een observed that the grain boundary effect is small (a few percent
f the grain resistance) at 800 ◦C in dense materials with grain size
n the order of a few microns [10]. Therefore, the large difference
n conductivity of the two groups of samples with ∼50% porosity

ust be primarily related to the differences in neck sizes, i.e., the
onnectivity (inter-particle neck size) has a significant effect on the
onductivity of porous ionic conductors. While no direct measure-
ents of inter-particle neck sizes are available, microstructures in

igs. 6–8 are consistent with narrow inter-particle neck sizes. The
xperimental results are thus in accord with the analytical expres-
ion given in Eq. (1) (or Eq. (B-13) which includes space charge
ffects) which describes effective resistivity as a function of neck
ize. That is, porous samples sintered by the conventional method
xhibit relatively small neck sizes compared to those fabricated by
he acid leaching of Ni + SDC cermets.

.4. Resistivity of bulk and space charge layer as a function of
xygen partial pressure

Fig. 10 shows the calculated defect concentrations (on a

og scale) inside the grain as a function of distance from the
rain boundary core using the following parameters: T = 600 ◦C,
pace charge potential ��(0) = 0.4 V [22], doping level = 10% ([A′]b)
corresponding [V

••
O ]b = 1.34 × 1021 cm−3), pO2 = 10−10 atm (cor-

esponding nb = 3.18 × 1015 cm−3). Note that in the space charge
Fig. 10. Calculated defect concentrations (on a log scale) inside the grain as a func-
tion of distance from grain boundary core at 600 ◦C at a pO2 = 10−10 atm.

layer the oxygen vacancy concentration increases and the electron
concentration decreases as a function of distance from the grain
boundary core into the grain; that is, oxygen vacancy concentration
decreases and electron concentration increases when approaching
the grain boundary from within the grain. Fig. 11 shows the cal-
culated defect concentrations (on a log scale) inside the grain as a
function of distance from the grain boundary core using the follow-
ing parameters: T = 800 ◦C, space charge potential, ��(0) = 0.4 V,
doping level = 10% (corresponding

[
V

••
O

]
b

= 1.34 × 1021 cm−3) and

pO2 = 10−10 atm (corresponding nb = 1.02 × 1018 cm−3). Note that
the lines for oxygen vacancy concentration and electron concentra-
tion cross at  (distance from grain boundary core) = 0.1 nm. When
 < 0.1 nm the so-called “inversion layer” is formed [22]. If the inver-
sion layer is dominant in the space charge layer, the phenomenon
of the space charge layer conductivity being higher than that of the
bulk will be observed in very fine-grained materials. More specif-
ically, when the electron conductivity in the space charge layer
Fig. 11. Calculated defect concentrations (on a log scale) inside the grain as a func-
tion of distance from grain boundary core at 800 ◦C at a pO2 = 10−10 atm.
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ig. 12. Calculated ionic conductivity, electronic conductivity and total conductivity
on a log scale) in bulk and space charge layer as a function of various oxygen partial
ressures. Temperature = 600 ◦C.

Fig. 12 shows the calculated ionic, electronic and total con-
uctivity (ionic plus electronic) in the bulk and the space charge

ayer as a function of oxygen partial pressure using the following
arameters: T = 600 ◦C, space charge potential, ��(0) = 0.4 V, dop-

ng level = 10 mol.%. Note that in the bulk and in the space charge
ayer, the electronic conductivity increases about 3–4 orders of

agnitude when the pO2 is decreased from 1 atm to 10−15 atm.
owever the ionic conductivity for all cases remains independent
f pO2 since it is dictated by the doping level. The ionic conductiv-
ty is greater than the electronic conductivity in both the bulk and
he space charge layer. Also the ionic conductivity dominates the
otal conductivity over the pO2 range from 10−15 atm and 1 atm.
hus, a fully dense material behaves as a purely ionic conductor
ver the entire range, regardless of the grain size. The space charge
ayer thickness is ∼0.5 nm. Thus, including the two opposite faces
f a grain, the total space charge layer thickness is ∼1 nm. The ionic
onductivity in the space charge layer is ∼1/200th that in the bulk.
hus, for a material with a grain size on the order of 200 nm, there
ill be approximately equal contributions from the bulk and the

pace charge layer to the net ionic resistance. For samples with
uch larger grains, the space charge layer has negligible effect on

he ionic resistance (at 600 ◦C and higher). However, for samples
ith much smaller grains (on the order of fractions of micron or

ess), and at low temperatures, the ionic resistance will be largely
ominated by the space charge layer.

Fig. 13 shows the calculated ionic, electronic and total conduc-
ivity (ionic plus electronic) in the bulk and the space charge layer
s a function of oxygen partial pressure using the following param-
ters: T = 800 ◦C, space charge potential, ��(0) = 0.4 V, and doping
evel = 10 mol.%. Note that at 800 ◦C, the average electronic conduc-
ivity in the space charge layer is greater than the average ionic
onductivity in the space charge layer for pO2 < 10−7.6 range. This
s due to the higher electron concentration at higher temperature
nd lower oxygen partial pressures. Also, the average electronic
onductivity in the space charge layer is greater than the average
lectronic conductivity in the bulk. This is due to the excess electron
oncentration in the space charge layer. Note however that over the

O2 range of the calculations (10−15 atm to 1 atm), the bulk ionic
onductivity is greater than the electronic conductivity. At a pO2
f 10−15 atm, the ionic conductivity is about ∼7 times that of bulk
lectronic conductivity. A fully dense material at this low pO2 (and
Fig. 13. Calculated ionic conductivity, electronic conductivity and total conductivity
(on a log scale) in bulk and space charge layer as a function of various oxygen partial
pressures. Temperature = 800 ◦C.

at lower pO2 ) will be a mixed ionic-electronic conductor. The total
bulk conductivity which is the sum of bulk ionic and bulk electronic
conductivities increases with decreasing pO2 below 10−11 atm. For
pO2 much lower than 10−15 atm, predominant conduction will be
by electrons.

For samples with a very fine grain size (on the order of a few
nanometers in size) the space charge layer will dominate conduc-
tion behavior at low pO2 and at 800 ◦C. For a sample of ∼2 nm grain
size, the space change layer completely dominates conduction
behavior. Note that below about pO2∼10−9 atm, the predominant
transport will be by electrons (governed by the space charge layer).
Thus, fine-grained materials will exhibit predominantly electronic
conduction. Indeed, it is well known that many ceria-based mate-
rials exhibit greater (relative) electronic conductivity if the grain
size is in the nanometer range [21].

4.5. Effect of space charge on conduction: comparison between
dense and porous ceria

The preceding sections described the results of calculations on
the effect of space charge and morphology on conduction through
porous and dense ceria. Equations given in Appendix B were numer-
ically solved to determine the conductivity of porous SDC as a
function of grain size and �, neck size (Fig. 2). As seen in Fig. 2,
small grains and narrow necks have a profoundly adverse effect on
conductivity. Figs. 10 and 11 give calculated ionic and electronic
defect concentrations as functions of distance from grain boundary
for two temperatures at a pO2 = 10−10 atm. These results in princi-
ple can be used to estimate conductivities of samples of any grain
size for d ≥ 2�*. A better insight into the role of space charge, how-
ever, can be gained by comparing the effect of space charge on dense
and porous materials. Simple calculations that compare dense and
porous bodies are described below.

Consider a dense SDC sample of grain size d. Assuming much of
the grain boundary resistance is due to the space charge layer of
thickness �*, the net ionic resistivity of polycrystalline SDC is given
by
�p ≈ �g + 2�sc�

d
(34)

which assumes a simple brick-layer type model. At 600 ◦C in air,
for a grain size of 1 �m (radius R = 0.5 �m), the estimated resistiv-
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ty of a polycrystalline material is �p ≈ 60.48 
 cm, of which the
ontribution from the bulk grains is �g ≈ 52 
 cm. Thus, 8.48 
 cm
s attributed to the space charge layer, which means ∼14% of the
otal resistivity is due to the space charge layer. For the simplified
alculations of the space charge layer on porous bodies, we will use
q. (1) with �gbıgb replaced by �sc�* and ignoring the rest of the
ontributions (given Eq. (B-13)). Thus, we will use the simplified
quation:

eff ≈ 2�g

	
√

1 − ˛2
ln

[
1 +
√

1 − ˛2

1 −
√

1 − ˛2

]
+ 2�sc�∗

	R˛2
√

1 − ˛2
(35)

o estimate the resistivity of a porous material. For the same param-
ters as above for angle � = 5◦ that is ˛ = r0/R = sin � = 0.08716, the
rst term in Eq. (35) is 416 
 cm while the second term in Eq. (35)

s 1427 
 cm for a total resistivity �eff = 1843 
 cm. Thus, the total
esistivity of the porous body with narrow necks is 1843/60.48
imes or over 30 times that of the resistivity of the fully dense

aterial. Also, note that ∼77% of the net resistivity in the porous
aterials is attributable to the space charge layer. Note a very large

ffect of space charge, despite a very thin space charge layer, due
o a significant depletion of oxygen vacancy concentration near
rain boundaries. Because of the constriction (narrow necks), the
pace charge layer has a much stronger adverse effect on transport
hrough porous materials as compared to fully dense materials.
hese conclusions have important implications concerning SOFC
athodes, mixed ionic-electronic conducting (MIEC) membranes
ith surface porous layers, and other devices with porous surface

ayers.

.6. Calculations and experimental results on the effective
onductivity of porous SDC as a function of temperature and
xygen partial pressure

Fig. 14 shows the calculated effective conductivity of porous
DC as a function of oxygen partial pressure at various temper-
tures for grain size = 2.5 �m, � = 18◦ (a measure of the relative
eck size) and porosity = 30% over an oxygen partial pressure range

−15 ◦
etween 10 atm and 1 atm. Note that at 600 C the conductivity
s essentially independent of pO2 over the range investigated. This is
ttributed to the predominant ionic conduction which is dictated
y the dopant concentration. At 800 ◦C the effective conductivity

ncreases from 0.02 S cm−1 to 0.033 S cm−1 with a decrease of pO2

ig. 14. Calculated total conductivity, ionic + electronic, as a function of oxygen
artial pressure and temperature.
Fig. 15. Measured electrical conductivity (on a log scale) by a DC four-probe tech-
nique as a function of oxygen partial pressure and temperature.

from 1 atm to 10−15 atm. The difference (0.013 S cm−1) is due to
electronic conduction at low pO2 .

Fig. 15 shows the measured effective conductivity of porous
SDC as a function of oxygen partial pressure at 600 ◦C, 700 ◦C, and
800 ◦C. Note that the experimental data show very similar trends
and the quantitative agreement is also quite good. Considering
that no adjustable parameters were used, all calculations are based
on previously reported information in the literature, and some of
the data used in the calculations are on ceria containing dopants
other than Sm2O3 (e.g. Gd2O3), the agreement between the exper-
imental results and model calculations is actually quite good. In
this work the lowest pO2 at which measurements were made was
10−15 atm. For pO2 lower than 10−15 atm, rapid rise in total conduc-
tivity is expected because of enhanced electronic conduction as is
well known in ceria [31].

5. Summary

A simple analytical equation which describes conductivity of
porous materials in terms of particle size and inter-particle neck
size is presented. The equation demonstrates the profound role of
inter-particle contact on conductivity. At very small neck sizes, the
conductivity sharply decreases (resistivity increases). The impli-
cations are that the effective resistivity of porous bodies may be
very high in poorly sintered materials. In order to experimentally
demonstrate the role of inter-particle contact, porous Sm2O3-
doped ceria (SDC) samples were fabricated by two methods. (1)
a conventional method consisting of sintering of powder compacts
and (2) sintering of two-phase NiO + SDC powder compacts to near
theoretical density, reduction of NiO to Ni in hydrogen at 800 ◦C,
and acid leaching of Ni at room temperature to fabricate porous SDC
samples. The former approach led to porous SDC samples of nar-
row necks, especially those with relatively high porosity (∼50%).
The latter approach led to porous SDC samples with large neck
sizes. Four-probe DC conductivity was measured in air at 800 ◦C.
For samples of ∼50% porosity, the acid leached samples exhibited
up to two orders of magnitude higher conductivity as compared to

conventionally sintered samples. The large difference in conduc-
tivities was attributed to the relative differences in neck sizes with
some difference also attributed to differences in grain sizes.

The model also included the role of space charge on conduc-
tivity in dense and porous SDC samples. For fully dense samples
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f grain size on the order of a micron or more, and temperatures
reater than 600 ◦C, the role of space charge is relatively modest.
y contrast, the role of space charge is much larger in porous mate-
ials, and especially those with narrow inter-particle necks. This
esult has important implications in devices which use of porous
aterials, such as electrodes in electrochemical devices.
Calculations were performed on porous SDC as a function of

emperature (600–800 ◦C) and oxygen partial pressure (10−15 atm
o 1 atm). The calculations show that at 600 ◦C samples exhibit pre-
ominantly ionic conduction over the pO2 range 10−15 atm to 1 atm.
t 800 ◦C, significant electron conduction occurs at low pO2 . The

otal conductivity of porous SDC was measured over a tempera-
ure range from 600 ◦C to 800 ◦C and a pO2 range from 10−15 atm
o 1 atm. The experimental data are in good agreement with the
redictions of the model.
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ppendix A.

Fig. 1(a) and (b) shows the geometry of the particle used for
alculations.

For region I, the resistance for the range between x = x0 and x = R,
s given by

I =
∫

dRI = �g

	

∫ R

xo

dx[
R2 − (R − x)2] = �g

	

∫ R

0

dx

x(2R − x)

= �g

2R	

∫ R

x0

{
dx

x
+ dx

(2R − x)

}
(A-1)

I =
[
− �g

2	R
ln
(

2R − x

x

)]x=R

x=x0

= − �g

2	R
ln
(

2R − x0

x0

)
(A-2)

here ˛ = r0/R and

0 = R −
√

R2 − r2
0 = R − R

√
(1 − ˛2) (A-3)

Thus

I = �g

2	R
ln

[
1 +
√

1 − ˛2

1 −
√

1 − ˛2

]
(A-4)

or region II corresponding to transport across the grain boundary
ore, RII is given by

II = Rgb = �gbıgb

2	r2
0

(A-5)

eff = RI + RII (A-6)

tacking cut spheres one on top of the other and arranging them
n a square lattice gives

eff ≈ 4ReffR
2

R − x0
= 4ReffR

cos �
(A-7)
hich gives

eff ≈ 2�g

	
√

1 − ˛2
ln

[
1 +
√

1 − ˛2

1 −
√

1 − ˛2

]
+ 2�gbıgb

	R˛2
√

1 − ˛2
(A-8)
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Appendix B.

Fig. 1(c) shows the geometry of the particle used for calculations.
For region I, corresponding to the net resistance for the range

between x = x0 + �* and x = R:

y =
√

2Rx − x2 = R sin � (B-1)

x = R − R cos � and dx = R sin � d� (B-2)

Note that

�y = �∗

sin �
and sin � = y

R
=
√

2Rx − x2

R
(B-3)

Then one can show that

yg = y − �y = R sin � − �∗

sin �
(B-4)

Thus,

	(y2 − y2
g) = 	(y2 − (y − �y)2) = 	

(
2R�∗ − �∗2

sin2 �

)
(B-5)

In the bulk and space charge parallel regions:

1
dRI

= 1
�gdx

	y2
g

+ 1
�scdx

	(y2−y2
g)

(B-6)

Thus,

dRI = �g�scR sin3 � d�

	(2R �∗ sin2 � − �∗2)�g + 	(R sin2 � − �∗)
2
�sc

(B-8)

The integration of Eq. (B-8) from x = x0 + �* to x = R, i.e., from
� = cos−1((R − x0 − �*)/R) to � = �/2, gives

RI =
∫ 	

2

cos−1
(

R−x0−�∗
R

) �g�scR sin3 �d�

	(2R�∗ sin2 � − �∗2)�g + 	(R sin2 � − �∗)
2
�sc

(B-9)

In region II, corresponding to the net resistance for the range x = x0
to x = x0 + �*:

dRII = �scdx

	y2
= �scR sin � d�

	(R sin �)2
= �scd�

	R sin �
(B-10)

The integration of Eq. (B-10) between x = x0 to x = x0 + �*, i.e., from
� = cos−1((R − x0)/R) to � = cos−1((R − x0 − �*)/R), gives

RII =
∫ cos−1

(
R−x0−�∗

R

)
cos−1

(
R−x0

R

) �scd�

	R sin �
(B-11)

For region III corresponding to the transport across the grain bound-
ary core, RIII is given by

RIII = Rgb = �gbıgb

	r2
0

= �gbıgb

	(R sin �)2
(B-12)

From Eqs. (B-9), (B-11) and (B-12), it is apparent that if x0 and
�* are known, cos−1((R − x0)/R) and cos−1((R − x0 − �*)/R) can be
calculated. Thus, RI, RII and RIII can be calculated. The effective
resistance then is given by

Reff = RI + RII + RIII (B-13)

The preceding calculations tacitly assume predominantly ionic

conduction through all regions such that �i 
 �e. If such is not the
case, then two sets of calculations need to be performed; one to
obtain the effective ionic resistance given by

Reff(i) = RI(i) + RII(i) + RIII(i) (B-14)
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nd the other to obtain the effective electronic resistance given by

eff(e) = RI(e) + RII(e) + RIII(e) (B-15)

The net effective resistance is then given by

eff ≈ Reff(i)Reff(e)

(Reff(i) + Reff(e))
(B-16)

In the present work, this aspect was neglected and electronic
nd ionic contributions were incorporated using Eqs. (15) and (28)
irectly into Eq. (B-13). At low pO2 with significant electronic con-
uction, this is expected to introduce some error.
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